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EXPONENTIAL ERGODICITY AND RAYLEIGH-SCHRO¨DINGER SERIES
FOR INFINITE DIMENSIONAL DIFFUSIONS
ALEJANDRO F. RAMI´REZ1
Abstract. We consider an infinite dimensional diffusion on T Z
d
, where T is the circle, defined
by an infinitesimal generator of the form L =
∑
i∈Zd
(
ai(η)
2
∂2i + bi(η)∂i
)
, with η ∈ T Z
d
, where
the coefficients ai, bi are of finite range, bounded with uniformly bounded second order partial
derivatives and the ellipticity assumption infi,η ai(η) > 0 is satisfied. We prove that whenever
ν is an invariant Gibbs measure for this diffusion satisfying the logarithmic Sobolev inequality,
then the dynamics is exponentially ergodic in the uniform norm, and hence ν is the unique
invariant measure. As an application of this result, we prove that if A =
∑
i∈Zd ci(η)∂i, and
ci satisfy the condition
∑
i∈Zd
∫
c2i dν < ∞, then there is an ǫc > 0, such that for every ǫ ∈
(−ǫc, ǫc), the infinite dimensional diffusion with generator Lǫ = L+ ǫA, has a unique invariant
measure νǫ having a Radon-Nikodym derivative gǫ with respect to ν, which admits the analytic
expansion gǫ =
∑
∞
k=0 ǫ
kfk, where fk ∈ L2[ν] are defined through f0 = 1,
∫
fkdν = 0 and the
recurrence equations L∗fk+1 = A
∗fk. We give an example where through this expansion we are
able to quantify the effect on the invariant measure of a perturbation triggering interaction on
independent diffusions.
2000 Mathematics Subject Classification. 47A55, 60J60, 60K35.
Keywords. Infinite dimensional diffusions, logarithmic Sobolev inequality, Rayleigh-Schro¨dinger series.
1. Introduction.
Let T be the unit circle. Consider Ω := C([0,∞);T Zd), the space of continuous functions from
[0,∞) to the set T Zd , with the topology of uniform convergence in compact subsets of [0,∞). Here
T Z
d
is endowed with the product topology. Let St be the unique semi-group on the set C(T
Z
d
) of
continuous real functions on T Z
d
endowed with the uniform norm ‖·‖∞, associated to the generator
which is the closure on C(T Z
d
) of the operator (L,D0) where L :=
∑
i∈Zd
(
1
2ai(η)∂
2
i + bi(η)∂i
)
, with
∂i :=
∂
∂ηi
, and D0 is the set of local functions with continuous second order partial derivatives.
Here, a : T Z
d → [0,∞)Zd , b : T Zd → RZd are Borel-measurable functions which we call sets of
coefficients, η ∈ T Zd , and ai, bi and ηi are their i-th components. For i ∈ Zd call its l1 and l2
norms |i|1 and |i|2 respectively. We say that the coefficients a and b are finite range R ∈ Z+ if for
each i ∈ Zd, ai(η) and bi(η) depend only on coordinates ηj of η such that |j− i|1 ≤ R and bounded
if supi,η{ai, |bi|} <∞. We say that the coefficients a and b have uniformly bounded second order
partial derivatives if supi,j,k,η
{∣∣∣ ∂2ai∂ηj∂ηk
∣∣∣ , ∣∣∣ ∂2bi∂ηj∂ηk
∣∣∣} < ∞. It is easy to check that whenever a and
b have uniformly bounded second order partial derivatives, they also have uniformly bounded first
order derivatives, so that supi,j,η
{∣∣∣ ∂ai∂ηj
∣∣∣ , ∣∣∣ ∂bi∂ηj
∣∣∣} < ∞. Throughout the rest of this paper, we will
always consider coefficients which are finite range, bounded and with uniformly bounded second
order partial derivatives, and we will call them just coefficients. It is a standard fact (which for
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completeness will be shown in Section 2), that the operator (L,D0) defined above, with coefficients
a and b is closable and of Hille-Yosida type. We will also see that whenever we also have that
a := inf
i,η
ai(η) > 0, (1)
its closure, which we will denote
(L,D(a, b)), (2)
is an infinitesimal generator and defines a Markov semi-group {St : t ≥ 0} on the space C(T Zd)
corresponding to a diffusion process on Ω (see [8] where an alternative construction is performed
solving the martingale problem for (L,D0)). Such a process will be called a infinite dimensional
diffusion with coefficients a and b or just infinite dimensional diffusion. A coefficient a satisfying
(1) will be called a uniformly elliptic coefficient.
Given a probability measure ν defined on T Z
d
endowed with its Borel σ-algebra, throughout the
paper we will use the notation 〈f〉ν :=
∫
fdν for f integrable defined in C(T Z
d
). For each p ≥ 1,
we denote by Lp[ν] the Banach space of functions f : T
Z
d → C with norm ‖f‖p,ν :=
(∫ |f |dν))1/p.
We adopt the convention that L2[ν] is the space of complex valued square integrable functions and
given two functions f, g ∈ L2[ν], we denote their inner product by (f, g)ν :=
∫
f¯gdν. Furthermore,
for every t ≥ 0, we define νSt as the unique measure such that
∫
Stfdν =
∫
fd(νSt) for every
continuous function f on T Z
d
. We will call this measure an invariant measure for the infinite
dimensional diffusion, if for every t ≥ 0 one has that νSt = ν.
Note that due to compactness of the state space, an infinite dimensional diffusion has always at
least one invariant measue. Nevertheless, few general results exist providing sufficient conditions for
the existence of a unique invariant measure, or for the exponential ergodicity of infinite dimensional
diffusions, specially out of the subclass of reversible processes. Furthermore, given that in general
it is difficult to explicitly describe explicitely the invariant measures, it is natural to wonder what is
the breadth of for example, the classical theory of analytic perturbations for the invariant measures.
In this paper we address these issues, within the context of Gibbs probability measures satisfying
the logarithmic Sobolev inequality and not satisfying any kind of reversibility assumptions. Our
results are fundamental settling down uniqueness and analyticity issues under general conditions.
We recall the definition of the logarithmic Sobolev inequality which will be assumed throughout
this article.
Condition (LSI). We say that a probability measure ν on T Z
d
endowed with its Borel σ-field, sat-
isfies the logarithmic Sobolev inequality with respect to the Laplacian operator if there is a constant
γ > 0 such that for every non negative function f ∈ D0 it is true that〈
f2 ln
f√〈f2〉ν ]
〉
ν
≤ γ
〈∑
i∈Zd
(∂if)
2
〉
ν
. (3)
Let us also recall the definition of a Gibbs measure. A potential on T Z
d
is a collection J of
functions {JF : F ⊂ Zd, F finite}, such that for each F the function JF has continuous second
order partial derivatives and is invariant under permutations of the indices of F . We will also
assume that the collection J is finite range: there exists an L such that i, j ∈ F with |i− j|1 > L
implies that JF = 0. Define now the energy of the subset G ⊂ Zd as
HG(η) :=
∑
F :G⊂F
JF (η).
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We now say that a probability measure µ on T Z
d
is a Gibbs measure with potential J if for all G ⊂
Zd the regular probability distribution of µ given σ(ηl : l /∈ G) admits a density uG({ηk : k ∈ G})
given by
uG({ηk : k ∈ G}) = e
−HG(η)∫
e−HG(ζ)d
∏
k∈G ζk
.
On the other hand, we say that ν satisfies the spectral gap inequality with spectral gap constant
g with respect to the Laplacian operator (3) if for every f ∈ D0 one has that
g||f − 〈f〉ν ||22,ν ≤
〈∑
i∈Zd
(∂if)
2
〉
ν
(4)
(see [6]). It is a standard fact, which we will subsequently use, that whenever ν satisfies the
logarithmic Sobolev inequality with constant γ it necessarily satisfies the spectral gap inequality
with spectral gap constant g = 1/γ.
The first result of this paper provides a sufficient condition for exponential ergodicity of infinite
dimensional diffusions. Let us define for each θ > 0, the triple semi-norm for f ∈ D0 as
|||f |||θ :=

 ∑
i,j∈Zd
eθ(|i|2+|j|2) sup
η
(∂i∂jf)
2


1/2
(5)
(this type of semi-norm was already used in [15] to control the dependence of functions evolved
according to the semi-group of infinite dimensional diffusions). Remark that since f ∈ D0, the
sum in (5) is finite.
Theorem 1. Consider an infinite dimensional diffusion with semi-group {St : t ≥ 0} and with an
invariant Gibbs measure ν which satisfies (LSI). Let θ > 0. Then, there exist positive constants
kθ and Kθ, depending only on θ and on the coefficients of the diffusion, such that for any function
f ∈ D0 we have,
sup
η∈T Zd
|Stf(η)− 〈f〉ν | ≤ Kθmax{|||f |||θ, 1}e−kθt.
Theorem 1 is an improvement of a result of Zegarlinski [20] for reversible processes. As a corollary
of Theorem 1, we obtain the following considerable improvement of Theorem 1 of [16].
Corollary 1. Consider an infinite dimensional diffusion with an invariant Gibbs measure ν which
satisfies (LSI). Then, ν is unique and for every probability measure µ on T Z
d
, one has that
limt→∞ µSt = ν weakly.
Theorem 2, which we formulate below, establishes both a stability result for the uniqueness of
invariant Gibbs measures of infinite dimensional diffusions satisfying the logarithmic Sobolev in-
equality under a certain class of perturbations, and the existence of a Rayleigh-Schro¨dinger series
with a positive radius of convergence around the invariant measure of the unperturbed diffusion.
To state Theorem 2, we need to introduce the following regularity condition on coefficients.
Condition (R). Let µ be a probability measure defined on T Z
d
. We say that a set of coefficients
c = {ci : i ∈ Zd} satisfies the regularity condition (R) with respect to µ, if
C0 :=
√∑
i
∫
c2i dµ <∞. (6)
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Note that a sufficient condition for condition (R) to be satisfied with respect to any probability
measure µ is that
sup
η∈T Zd
∑
i
c2i <∞.
Given a set of coefficients c satisfying condition (R) with respect to µ, any operator of the form
A =
∑
i∈Zd
ci(η)∂i, (7)
will be called a diagonal first order operator satisfying condition (R) with respect to µ.
It will be shown, that if L0 is the generator of an infinite dimensional diffusion with invariant
measure ν satisfying (LSI) and A a diagonal first order operator satisfying condition (R) with
respect to ν, then the closure of the operators (L0, D0) and (L0 +A,D0), on L2[ν] have the same
domain, which for the moment we will call D¯0. Furthermore, given an operator (T,D(T )) on L2[ν],
we denote by (T ∗, D(T ∗)) its adjoint. Hence, the adjoints of (L0, D¯0) and (A, D¯0) have the same
domain, which we will denote by D¯∗0 . We will now see that for every function f ∈ D¯∗0 , the equation
L∗0g = −A∗f, (8)
has a solution g ∈ D¯∗0 . Here, equation (8) should be interpreted in the weak sense as (g, L0φ)ν =
−(f,Aφ)ν , for every φ ∈ D0. To see that (8) has a solution, it is enough to prove that A∗f is
orthogonal to the kernel of L∗0. But it will be shown that 0 is a simple eigenvalue of L
∗
0 and that
the eigenfunctions of 0 are the constant ones. So it is enough to prove that A∗f is orthogonal to
constants. Now,
(1, A∗f)ν = (A1, f)ν = 0,
which proves the statement. The fact that the eigenvalue 0 of L∗0 is simple implies that the
solution g of the equation (8) is unique and that 〈g〉ν = 0. We will denote by M2[ν] the set of
probability measures on T Z
d
which have a Radon-Nikodym derivative with respect to ν which is
square integrable in L2[ν]. Let
ǫc :=
a
C0
√
γ
. (9)
Theorem 2. Consider an infinite dimensional diffusion with infinitesimal generator L0 and with
an invariant Gibbs measure ν satisfying (LSI). Let A be a diagonal first order operator satisfying
condition (R) with respect to ν. Then, for each ǫ ∈ (−ǫc, ǫc), the infinite dimensional diffusion with
generator Lǫ := L0 + ǫA has a unique invariant measure νǫ in M2[ν] which has a Radon-Nikodym
derivative gǫ with respect to ν with the following expansion in L2[ν],
gǫ =
∞∑
k=0
ǫkfk, (10)
where {fk : k ≥ 0} is the unique sequence of functions in L2[ν] defined by f0 := 1, the conditions
〈fk〉ν = 0 for k ≥ 1, and the recurrence relations
L∗0fk+1 = −A∗fk.
Furthermore, there exists a constant C such that for every k ≥ 1 one has that ‖fk‖2,ν ≤ Cǫ−kc .
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Theorem 2 does not require the unperturbed generator to be reversible with respect to the invariant
measure. In [10], within the context of systems which satisfy the Einstein relation, a similar
expansion was derived for interacting particle systems, under the assumption that the unperturbed
generator is reversible. It should also be noted that in many interesting situations, for example
within the context of random walks in random environments, one cannot expect in general an
analytic expansion of the invariant measure (see [1]).
On the other hand, note that the diagonal first order operator A is not bounded (hence not
compact) in L2[ν]. Furthermore, we do not know if condition (R) in Theorem 2 could be relaxed,
but it is possible that any essential generalization of such a condition would break up the analiticity
of the expansion (10).
A crucial ingredient in the proofs of Theorems 1 and 2, is the observation that the Dirichlet
form of the generator of a diffusion having an invariant measure that satisfies the logarithmic
Sobolev inequality, coincides with the Dirichlet form of the symmetrization of the generator. For
Theorem 1, this together with the spectral gap, implies an exponentially fast convergence to
the equilibrium measure in the L2[ν] norm. One can then get exponentially fast convergence in
the supremum norm through the following three additional ingredients: comparisons between a
truncated version of the dynamics and the full dynamics, Gross lemma and uniform norm estimates
on the marginal distribution of the process which are obtained using Girsanov theorem. Some of
these ingredients, as for example Gross lemma, are not new, while others as the uniform norm
estimates for marginal distributions, to the knowledge of the author is novel, requiring a careful
use of Girsanov’s theorem. Nevertheless, somehow surprisingly, they have not been combined in
this way before to provide a non-reversible result. The proof of Theorem 2, uses the uniqueness
result of Theorem 1 for invariant measures satisfying the logarithmic Sobolev inequality (Corollary
1) and uses the machinery of analytic perturbation theory for operators which have a relatively
bounded perturbation on Banach spaces. In particular, the uniqueness of the perturbed invariant
measure in M2[ν] of Theorem 2 will be derived using Corollary 1.
In Theorem 4 of the next section, we construct infinite dimensional diffusions via Hille-Yosida
theorem. In section 3, we derive some important consequences of the property that a diffusion
has an invariant measure satisfying the spectral gap inequality. In section 4, we use the results
of section 3, to prove Theorem 1. Theorem 2 is proved in section 5. In section 6, Theorem 2 is
illustrated applying giving a structural expansion for the invariante measure of weakly perturbed
independent diffusions.
2. Notation and preliminaries
In this section, we will provide a construction of infinite dimensional diffusions via the Hille-
Yosida theorem. In fact, we will show that every operator (L,D0) of an infinite dimensional
diffusion is closable, and that its closure defines a Markov generator of a Markov semi-group
{St : t ≥ 0} on C(T Zd). Classical results in the theory of Markov processes then imply that
there exists a Markov process {Pη : η ∈ T Zd} such that Stf(η) = Eη[f(ηt)] for all f ∈ C(T Zd),
η ∈ T Zd and t ≥ 0 (see for example Theorem 1.5 of Liggett [11] or Dynkin [2]). Infinite dimensional
diffusions have already been constructed via the martingale problem by Holley and Stroock [8],
and we do not claim that our presentation is particularly original (see also [19] for a more recent
reference). Nevertheless, for the sake of completeness, and lacking an appropriate reference for the
construction via the Hille-Yosida theorem, we have included the details here. Throughout, we will
denote by I the identity operator on C(T Z
d
). For r > 0, we will define the box Λr := [−r, r]d ∩Zd.
Given a closable operator (A,D) on C(T Z
d
), we will denote by (A, D˜) its closure.
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We will also need to introduce the notion of truncated operator. For each subset Λ ⊂ Zd, define
FΛ as the σ-algebra of Borel subsets of T Zd generated by the coordinates in Λ. Let us fix a natural
n ≥ 1 and a probability measure µ on T Zd . Given two sets of coefficients a and b, and given the
corresponding operator of the form (L,D0) with L =
∑
i∈Zd
(
1
2ai(η)∂
2
i + bi(η)∂i
)
, we call the pair
(Ln, Dn) its truncation integrated with respect to the measure µ, where Dn is the set of functions
in D0 which are FΛn measurable (or equivalently, the functions depending only on the coordinates
in Λn with continuous second order partial derivatives) and where
Ln :=
∑
i∈Λn
(
1
2
a¯i∂
2
i + b¯i∂i
)
, (11)
with
a¯i(η) := Eµ[ai(η)|FΛn ] and b¯i(η) := Eµ[bi(η)|FΛn ], (12)
the conditional expectation of ai and bi with respect to µ given the σ-algebra FΛn . We call a¯ and
b¯ the corresponding coefficients. Given η ∈ T Zd , we define ηn, called the configuration η truncated
at scale n by
ηn(x) :=
{
η(x) if |x| ≤ n
1 otherwise.
(13)
For a function f ∈ D0 and i ∈ Zd, we define
∆f (i) := sup
η
|∂2i f |.
This is a measure of the dependance of f on its i-th coordinate (see [15], where this quantity was
already introduced).
It is a standard fact from the theory of partial differential equations that for each n, the truncated
operator (Ln, Dn) is closable in C(T
Λn), and that its closure, which we will call
(Ln, Dn(a, b)), (14)
is a Markov generator (see [11] for the definition of Markov generator) and hence defines a semi-
group (see [14] or Chapter 12 of [18])
{Snt : t ≥ 0} on the space C(TΛn). (15)
We will require the following version of Theorem 2 of [15].
Theorem 3. Consider coefficients a and b, with a uniformly eliptic, and for each n ≥ 1 its
truncated operators (Ln, Dn) with respect to Lebesgue measure. Let 1 ≤ M ≤ n. Then, for each
ϑ > 0, g ∈ DM and i ∈ Zd, there exist constants A and β (depending only on M , ϑ and the
coefficients of the infinite dimensional diffusion) such that
∆Snt g(i) ≤ A|||g|||ϑeβte−ϑ|i|2 ,
for all t ≥ 0.
The proof of 3 is completely analogous to that of Theorem 2 in [15], but for completeness we
present it in the Appendix A. With the control provided by Theorem 3 we can now prove the
(L,D0) is closable and that its closure is a Markov generator (see [11] for the definition of Markov
generator).
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Theorem 4. Any operator (L,D0) with coefficients a and b, with a uniformly elliptic, is closable
in C(T Z
d
), and its closure is the Markov generator of a Markov semi-group on C(T Z
d
).
Proof. Let us first note that by Propositions 2.2 and 2.5 of [11], to show that (L,D0) is closable it
is enough to prove that for every f ∈ D0 and ζ ∈ T Zd such that infη∈T Zd f(η) = f(ζ), one has that
Lf(ζ) ≥ 0. Now, note that for each i ∈ Zd it is true that ∂f∂ηi (ζ) = 0 and that
∂2f
∂2ηi
(ζ) ≥ 0, so the
statement is proved. Next, to prove that the closure of (L,D0) is a Markov generator, it is enough
to show that for every λ > 0 small enough, the range of the operator I − λL is dense in C(T Zd).
For this purpose, consider for each natural n the truncated version Ln of L integrated with respect
to Lebesgue measure. Let g ∈ C(T Zd) and ǫ > 0. Now choose M such that if gM (η) := g(ηM ), we
have that
||g − gM ||∞ ≤ ǫ
3
. (16)
Then choose hM ∈ DM so that
||gM − hM ||∞ ≤ ǫ
3
. (17)
Note that by the fact that hM and the coefficients of the operator Ln are differentiable with
derivatives which are Ho¨lder continuous of positive parameter, by classical regularity theory for
elliptic partial differential equations (see for example Theorems 6.14 and 6.17 of [4] which can be
easily adapted to the periodic domain TΛn), for each n ≥M , there exists a function fn ∈ Dn such
that
(I− λLn)fn = hM . (18)
Furthermore, we have the following representation for the solution of (18),
fn = − 1
λ
∫ ∞
0
e−
t
λSnt hMdt, (19)
where {Snt : t ≥ 0} is the semi-group (15) of the corresponding finite dimensional diffusion (see for
example Theorem 1 of chapter 12 of [18]). On the other hand, it is easy to check that
||Lfn − Lnfn||∞ ≤ C
∑
i/∈Λn−R
∆fn(i), (20)
where for each i ∈ Zd, ∆fn(i) < ∞ since f ∈ Dn. By Theorem 3, the identity (19) and the fact
that hM ∈ Dn, it follows that for given ϑ > 0, we can find constants β > 0 and A depending only
on ϑ and M , such that for every λ < 1β one has that
∆fn(i) ≤
1
λ
∫ ∞
0
e−
t
λ∆Snt hM (i)dt ≤
A
λ
|||hM |||ϑe−ϑ|i|2
∫ ∞
0
e−(
1
λ−β)tdt = |||hM |||ϑ A
1− λβ e
−ϑ|i|2 .
Substituting this back into inequality (20), we get that
||Lfn − Lnfn||∞ ≤ C|||hM |||ϑ A
1− λβ
∑
i/∈Λn−R
e−ϑ|i|2 ,
which implies that for n large enough one has that ||Lfn − Lnfn||∞ ≤ ǫ3 . Combining this with
inequalities (16) and (17), we conclude that there exists a λ0 > 0 such that for each λ < λ0 we
have that for n large enough
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||(I− λL)fn − g||∞ ≤ ǫ.
This proves that for λ > 0 small enough, the range of I− λL is dense in C(T Zd). 
Recall that given an operator (L,D0) with coefficients a and b, its closure is denoted by (L,D(a, b))
[c.f. (2)]. By Theorem 4, when a is uniformly elliptic, (L,D(a, b)) is a Markov generator of an
infinite dimensional difusion. If µ is an invariant measure for this diffusion and {St : t ≥ 0} is its
Markov semi-group, then by Jensen inequality for every function f ∈ C(T Zd) one has that,
||Stf ||2,µ ≤ ||f ||2,µ.
It is hence possible to continuously extend the Markov semi-group St as a Markov semi-group
to L2[µ] and with an infinitesimal generator which is an extension is the closure in L2[µ] of the
generator (L,D0) (see for example Proposition 4.1 of [11]). We will denote it (L, D¯(a, b)). For
the truncated generator Ln of L, we will denote the closure of (Ln, Dn) in L2[µ] as (Ln, D¯n(a, b))
and its Markov semi-group on L2[µ] by {Snt : t ≥ 0} (we thus make a slight abuse of notation not
distingushing between this semi-group and the one in C(TΛn) defined in (15)). In the sequel, we
will make no notational distinction between the semi-group on C(T Z
d
) or on L2[µ]. Given Λ ⊂ Zd,
we will denote by µΛ the restriction of µ to the σ-algebra FΛ.
3. Symmetrization of the infinitesimal generator.
Here, we will show that an infinite dimensional diffusion has a Dirichlet form which is equal to
the Dirichlet form of its symmetrized generator with respect to a given invariant measure. If the
invariant measure satisfies the spectral gap inequality [c.f. (4)], this in turn implies an exponential
convergence result to equilibrium in the corresponding L2 norm. We will first need the following
lemma.
Lemma 1. Consider an infinite dimensional diffusion with infinitesimal generator (L,D(a, b))
and a probability measure µ on T Z
d
. Then, for every real function f ∈ D0 one has that
(f, Lf)µ =
1
2
∫
Lf2dµ− 1
2
∑
i∈Zd
∫
ai(∂if)
2dµ. (21)
Remark 1. The second term of the right-hand side of (21) is the negative of the integral of the so
called “carre´ du champ” of the diffusion with generator L.
Proof of Lemma 1. Let us choose n natural so that the support of f is in Λn. It follows that fLf
is a local function with support in Λn+R. Therefore, to prove (21) we can assume that µ is in
fact a probability measure on C(TΛn+R). On the other hand, if µ is a probability measure with a
smooth density u with respect to the Lebesgue measure m on T Z
d
, we have that
(f, Lf)µ =
∫
fLfudm,
and then (21) can be easily deduced through integration by parts. We can now conclude the
proof observing that given an arbitrary probability measure µ defined on C(T Z
d
), we can always
construct a sequence of measures which have smooth densities with respect to Lebesgue measure,
converging weakly to µ. 
We have now as consequence of Lemma 1 the following proposition.
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Proposition 1. Consider an infinite dimensional diffusion with infinitesimal generator (L,D(a, b)).
Let ν be an invariant measure of this infinite dimensional diffusion and (L, D¯(a, b)) be its infini-
tesimal generator on L2[ν]. Then, the following are satisfied.
(i) For every real f ∈ D0 we have that
(f, Lf)ν = −1
2
∑
i∈Zd
∫
ai(∂if)
2dν.
(ii) Assume that the invariant measure ν satisfies the spectral gap inequality with constant g.
Then, for every real f ∈ D¯(a, b) we have that
‖f − 〈f〉ν‖22,ν ≤ −
2
ag
(f, Lf)ν .
Proof. Part (i). This is a direct consequence of Lemma 1 and the assumption that ν is an invariant
measure.
Part (ii). Combining the spectral gap inequality with part (i), and using the fact that the diffusion
is uniformly elliptic, we conclude that for every f ∈ D0,
‖f − 〈f〉ν‖22,ν ≤ −
2
ag
(f, Lf)ν .
Using the fact that D0 is dense in D¯(a, b) we obtain part (ii).

We continue with the following important corollary of part (i) of the above proposition. Recall
that a is the lower bound defined in (1).
Corollary 2. Consider an infinite dimensional diffusion with coefficients a and b and infinitesimal
generator (L,D(a, b)). Let ν be an invariant measure of this infinite dimensional diffusion and
(L, D¯(a, b)) be its infinitesimal generator on L2[ν]. Let A =
∑
ci∂i be a diagonal first order
operator satisfying condition (R) with respect to ν. Then, for every λ positive we have that for
every f ∈ D0 the following inequality is satisfied,
||Af ||2,ν ≤ C0
√
2
a
1
λ
‖Lf‖2,ν + C0
√
2
a
λ||f ||2,ν , (22)
where C0 is defined in (6). In particular, the operator (A,D0) is relatively bounded with respect to
(L,D0) in L2[ν], with L-bound 0. Hence the closure of (L + A,D0) has the same domain D¯(a, b)
as L.
Proof. Let f ∈ D0. Let us first assume that f is real valued. Note that
||Af ||22,ν =
∫ (∑
i
ci∂if
)2
dν ≤ C20
∑
i
∫
(∂if)
2dν
≤ −2C
2
0
a
(f, Lf)ν ≤ 2
C20
a
‖f‖2,ν ‖Lf‖2,ν .
Here, we have used part (i) of Proposition 1 in the second inequality. By Cauchy-Schwartz’s in-
equality it follows that for every positive λ one has that ||Af ||22,ν ≤ 2C
2
0
a
(
λ−2 ‖Lf‖22,ν + λ2 ‖f‖22,ν
)
,
which proves inequality (22). By taking λ arbitrarily large, we see that A has L-bound 0. Finally,
by Theorem 1.1 of page 190 of Kato [9], we can see that the closure of the operators (L,D0) and
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(L + A,D0) in L2[ν] have the same domain. To prove the result for an arbitrary complex valued
f ∈ D0, it is enough to use ||f ||2,ν = ||Ref ||2,ν + ||Imf ||2,ν and the inequality just proved for real
valued functions. 
We also have the following corollary of Proposition 1.
Corollary 3. Consider an infinite dimensional diffusion with coefficients a and b and infinites-
imal generator (L,D(a, b)). Let ν be an invariant measure of this infinite dimensional diffusion
and (L, D¯(a, b)) be its infinitesimal generator on L2[ν]. Assume that ν satisfies the spectral gap
inequality with constant g with respect to the Laplacian operator. Then, for every f ∈ L2[ν] it is
true that,
||Stf − 〈f〉ν ||2,ν ≤ e−gat||f − 〈f〉ν ||2,ν . (23)
Proof. Note that for every f ∈ L2[ν] and t > 0
d
dt
||Stf − 〈f〉ν ||22,ν = 2
∫
(Stf − 〈f〉ν)L(Stf − 〈f〉ν)dν
≤ −ag||Stf − 〈f〉ν ||22,ν ,
where in the inequality we have used part (ii) of Proposition 1, and the fact that for every t > 0,
Stf ∈ D¯(a, b). From this inequality we immediately deduce (23). 
4. Proof of Theorem 1.
The basis of the proof of Theorem 1 is Corollary 3 of the previous section, a truncation estimate,
Gross lemma and a uniform estimate on marginal distributions. Throughout, γ will denote the
constant appearing in the logarithmic Sobolev inequality (3). Furthermore, we will adopt the
convention that given any sequence {yn}, and positive real number x, yx := y⌊x⌋.
Theorem 5. [Truncation estimate]. Let µ be any probability measure defined on T Z
d
. Consider
an infinite dimensional diffusion with semi-group {St : t ≥ 0} and its truncated semi-group at scale
n with respect to µ, {Snt : t ≥ 0}. Let θ > 0. Then, for every δ > 0 there exist constants cθ > 0
and Cθ > 0, depending only on θ, δ and the coefficients of the diffusion, such that for all f ∈ D0
the following statements are satisfied.
(i) For every n ≥ cθt,
sup
η∈T Zd ,u:0≤u≤t
|Suf(η)− Snuf(η)| ≤ Cθ|||f |||θe−δt.
(ii) For every n ≥ cθt,
sup
η∈T Zd ,u:0≤u≤t
|Suf(η)− Suf(ηn)| ≤ Cθ|||f |||θe−δt,
where ηn is defined in (13).
Proof. The proof of this theorem is completely analogous to that of Theorem 3 of [15]. Nevertheless,
in order to mantain the content of this article self-contained, we present it here. Note that
|Snuf(η)− Suf(η)| =
∣∣∫ u
0 S
n
u (Ln − L)Su−sf(η)ds
∣∣
≤ D ∫ u0 ∑i/∈Λn−R ∆Su−sfds,
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where D := maxi,η |ai(η)| +maxi,η |bi(η)|. Therefore, from Theorem 3, we see that
|Snuf(η)− Suf(η)| ≤ DA|||f |||θ
∫ t
0
eβ(u−s)
∑
i/∈Λn−R
e−θ|i|2ds
≤ CDAe(β−dθcθ)u 1
1−e−θ
|||f |||θ,
for some constant C. Choosing cθ so that dcθ − β > δ we obtain part (i). To prove part (ii) note
that for all n ≥ 1 and u ≥ 0 one has that for any truncation of the semigroup, Snuf(η) = Snuf(ηn).
Therefore, by the triangle inequality we have that
|Suf(η)− Suf(ηn)| ≤ |Suf(η)− Snuf(η)|+ |Suf(ηn)− Snuf(ηn)|.
Part (ii) now follows from part (i). 
Let us now continue with Gross lemma [5], where we will need the assumption (LSI). It should be
noted that through the use of this assumption, here we will be able to go from an L2[ν] estimate
to one in the uniform norm.
Lemma 2. [Gross lemma]. Consider an infinite dimensional diffusion with semi-group, {St :
t ≥ 0}. Let ν be an invariant measure of this infinite dimensional diffusion which satisfies (LSI)
with constant γ. Let also
p(t) = 1 + e4t/γ . (24)
Then, for all f ∈ L2[ν] and t ≥ 0, it is true that
||Stf ||p(t),ν ≤ ||f ||2,ν .
Proof. The proof of this lemma in the case in which the generator of the diffusion is reversible
with respect to ν can be found in [5],[7] or in [20]. To prove it in general, slight modifications with
respect to the standard proof have to be done. In particular, it is necessary to use the invariance
of ν and part (i) of Proposition 1. 
For each probability measure µ defined on T Z
d
and semi-group {St : t ≥ 0}, we will denote by Stµ
the action of the adjoint semi-group on µ defined by∫
fdStµ =
∫
Stfdµ,
for every f ∈ C(T Zd). Recall that for each Λ ⊂ Zd, νΛ denotes the restriction to TΛ of the invariant
measure ν.
Lemma 3. [Uniform norm estimate on marginal distributions]. Consider an infinite di-
mensional diffusion with truncated semi-group at scale n, {Snt : t ≥ 0} and invariant measure ν.
Let η ∈ TΛn, µn := Sn1 δη and
gn,η :=
dµn
dνΛn
,
the Radon-Nikodym derivative of µn with respect to νΛn . Then, if q(t) := 1 + e
−4t/γ, for every
K > 0 we have that
lim
t→∞
sup
η
||gKt,η||q(s),νΛKt ≤ 1,
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where s is given by the relation t = 1 + s+ s2.
Proof. Our approach will be inspired by some techniques used in [7], [6] and [20]. Also, we use
throughout this proof the fact that because the invariant measure ν is a Gibbs measure, its con-
ditional densities are positive and have bounded second order partial derivatives. Consider the
semi-group {Snt : t ≥ 0} of the truncated version at scale n of the infinite dimensional diffusion
process with coefficients a and b, with infinitesimal generator Ln as defined in (11). Let Pn,η be
the law of such a process starting from η ∈ TΛn on the space C([0,∞);TΛn) endowed with its
Borel σ-algebra, for t ≥ 0, Pn,η,t the restriction of such a law to Ft, the information up to time t
of the process. For each t > 0, let
hn,η,t :=
dSnt δη
dmn
,
be the Radon-Nikodym derivative of Snt δη with respect to the Lebesgue measure mn on T
Λn .
Consider the finite dimensional diffusion on TΛn defined by the infinitesimal generator
Fn :=
1
2
∑
i∈Λn
∂i(a¯
n
i ∂i), (25)
where
a¯ni := Eν [ai|FΛn ]. (26)
Let us call Qn,η the law of this diffusion starting from η ∈ TΛn defined on C([0,∞);TΛn) with
its Borel σ-algebra, and for t ≥ 0, Qn,η,t its restriction to Ft. Furthermore, call dn,η,t the Radon-
Nikodym derivative of the law of this process at time t with respect to Lebesgue measure. By
Lemma 5 of Appendix B, we have that
e−C1|Λn|
2 ln |Λn| ≤ dn,η,1(ζ) ≤ eC1|Λn|, (27)
uniformly in η, ζ ∈ TΛn , for some constant C1 > 0.
Now, define un,1 as the density of the law of the process with generator (25) at time 1 starting
from νΛn with respect to Lebesgue measure, so that
un,1(ζ) :=
∫
dn,η,1(ζ)dνΛn (η).
It is obvious then from (27) that
e−C1|Λn|
2 ln |Λn| ≤ un,1(ζ) ≤ eC1|Λn|, (28)
for all ζ ∈ TΛn . To prove Lemma 3, let us first write
||gKt,η||q(s)q(s),νΛKt =
∫ (
hKt,η,1
dKt,η,1
)q(s) (
dKt,η,1
uKt,1
)q(s) (
uKt,1
vKt
)q(s)
dνΛKt .
Therefore, using the bounds (27) and (28), we see that there is a constant C2 > 0 such that
||gKt,η||q(s)q(s),νΛKt ≤
(
eC2|ΛKt|
2 ln |ΛKt|
)q(s)−1 ∫ (hKt,η,1
dKt,η,1
)q(s)(
uKt,1
vKt
)q(s)−1
dKt,η,1
vKt
dνΛKt . (29)
Let s′ := s/2. Now, by an application of Cauchy-Schwartz inequality to the integral in (29), we
see that
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∫ (
hKt,η,1
dKt,η,1
)q(s) (
uKt,1
vKt
)q(s)−1
dKt,η,1
vKt
dνΛKt
≤
(∫ (
hKt,η,1
dKt,η,1
)q(s)q(s′)
dKt,η,1
vKt
dνΛKt
) 1
q(s′)

∫ (uKt,1
vKt
)(q(s)−1) q(s′)
q(s′)−1 dKt,η,1
vKt
dνΛKt


q(s′)−1
q(s′)
.(30)
Let us now see how to bound the first integral of the right-hand side of (30). Note that
hKt,η,1
dKt,η,1
= EQKt,η,1
[
dPKt,η,1
dQKt,η,1
∣∣∣∣F=1
]
, (31)
where for each t ≥ 0, F=t is the σ-algebra of events at time t. Then, by Jensen’s inequality and
the identity (31),
∫ (
hKt,η,1
dKt,η,1
)q(s)q(s′)
dKt,η,1
vKt
dνΛKt =
∫ (
EQKt,η,1
[
dPKt,η,1
dQKt,η,1
∣∣∣∣F=1
])q(s)q(s′)
dKt,η,1
vKt
dνΛKt
≤
∫
EQKt,η,1
[(
dPKt,η,1
dQKt,η,1
)q(s)q(s′)∣∣∣∣∣F=1
]
dKt,η,1
vKt
dνΛKt = EQKt,η,1
[(
dPKt,η,1
dQKt,η,1
)q(s)q(s′)]
. (32)
Now, by the Girsanov theorem, for every natural n and t ≥ 0,
dPn,η,t
dQn,η,t
= exp
(∑
i∈Λn
(∫ t
0
1
a¯ni
(
b¯ni −
∂a¯ni
∂ηi
)
dηi(u)−
∫ t
0
1
2a¯ni
(
b¯ni −
∂a¯ni
∂ηi
)2
du
))
.
where the coefficients a¯ni are defined in (26) while
b¯ni := Eν [bi|FΛn ].
Therefore, again by the Girsanov theorem, the uniform ellipticity assumption and the boundedness
of the coefficients and its derivatives, we know that there is a constant C3 > 0 such that
EQKt,η,1
[(
dPKt,η,1
dQKt,η,1
)q(s)q(s′)]
≤ exp{C3(q(s)2q(s′)2 − q(s)q(s′))|ΛKt|} ≤ exp{2C3e−4s/γ |ΛKt|} .
(33)
Let us now see how to bound the second term of the right-hand side of (30). Define Pn,νΛn ,t :=∫
Pn,η,tdνΛn(η) and Qn,νΛn ,t :=
∫
Qn,η,tdνΛn(η) and note that Pn,νΛn ,t-a.s. we have that
dPn,νΛn ,t
dQn,νΛn ,t
(ζ·) =
dPn,ζ0,t
dQn,ζ0,t
(ζ·)
Using the fact that νΛn is an invariant measure for the diffusion with generator Ln, it follows that
vKt(ζ1)
uKt,1(ζ1)
= EQKt,νΛKt ,1
[
dPKt,ζ0,1
dQKt,ζ0,1
∣∣∣∣F=1
]
. (34)
Now, for the purpose of estimating the second term of (30) we will need to write the Radon-
Nikodym derivative in (34) as
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vKt(ζ)
uKt,1(ζ)
=
∫
EQKt,η,1
[
dP η
′
Kt,η,1
dQη
′
Kt,η,1
∣∣∣∣∣F=1
]
dνΛKt(η
′), (35)
where ζ here plays the role of ζ1 in (34),
dP η
′
n,η,t
dQη
′
n,η,t
= exp

∑
i∈Λn

∫ t
0
1
an,η
′
i
(
bn,η
′
i −
∂an,η
′
i
∂ηi
)
dηi(u)−
∫ t
0
1
2an,η
′
i
(
bn,η
′
i −
∂an,η
′
i
∂ηi
)2
du



 ,
and
an,η
′
i (η(u)) := a
n
i (η(u) + η
′ − η)
bn,η
′
i (η(u)) := b
n
i (η(u) + η
′ − η).
Let
r(s) := (q(s)− 1) q(s
′)
q(s′)− 1 .
Then, by Jensen’s inequality and the identity (35), we see that
∫ (
uKt,1
vKt,1
)r(s)
dKt,η,1
vKt
dνΛKt(ζ) =
∫ (∫
EQKt,η,1
[
dP η
′
Kt,η,1
dQη
′
Kt,η,1
∣∣∣∣∣F=1
]
dνΛKt(η
′)
)−r(s)
dKt,η,1
vKt
dνΛKt(ζ)
≤
∫ ∫
EQKt,η,1


(
dP η
′
Kt,η,1
dQη
′
Kt,η,1
)−r(s)∣∣∣∣∣∣F=1

 dKt,η,1
vKt
dνΛKt(ζ)dνΛKt (η
′)
=
∫
EQKt,η,1


(
dP η
′
Kt,η,1
dQη
′
Kt,η,1
)−r(s) dνΛKt(η′). (36)
Now, again by the Girsanov theorem, the uniform ellipticity assumption and the boundedness of
the coefficients and its derivatives, we know that there is a constant C4 > 0 such that
EQKt,η,1


(
dP η
′
Kt,η,1
dQη
′
Kt,η,1
)−r(s) ≤ exp{C4(r(s) − r2(s))|ΛKt|} ≤ exp{2C4e−2s/γ |ΛKt|} . (37)
Substituting back (37) into (36), (33) into (32) and then substituting both (36) and (32) into (30),
we conclude that
∫ (
hKt,η,1
dKt,η,1
)q(s)(
uKt,1
vKt
)q(s)−1
dKt,η,1
vKt
dνΛKt ≤ exp
{
C4e
−2s/γ |ΛKt|
}
.
Inserting now this estimate into (29) we see that there is a constant C5 > 0 such that
sup
η
||gKt,η||q(s),νΛKt ≤ exp
{
C5e
−2s/γ |ΛKt|2 ln |ΛKt|
}
. (38)
Since limt→∞ e
−2s/γ |ΛKt|2 ln |ΛKt| = 0, taking the limit when t tends to ∞ in inequality (38), we
obtain Lemma 3.
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
Let us now show why do Theorem 5, Lemma 2 and Lemma 3, imply Theorem 1. Let f ∈ D0.
First, note that without loss of generality, we can assume that 〈f〉ν = 0. For t ≥ 1, define s ≥ 0
by the relation t = 1 + s + s2. Remark that by parts (ii) of the truncation estimate Theorem 5
with δ = 1, for each θ > 0 there exist constants cθ > 0 and Cθ > 0 such that,
|Stf(η)| ≤
∣∣Scθtt f(η)∣∣+ Cθ|||f |||θe−t. (39)
But, note that
Scθtt f(η) =
∫
Scθts+s2f(ζ
cθt)dµcθt(ζ
cθt),
where we use the notation ζcθt for an element of TΛcθt , and where µcθt is the restriction to FΛcθt
of the measure Scθt1 δη. Since by part (i) of Theorem 5 with δ = 1 again, we have that uniformly in
ζ ∈ T Zd the expression Scθts+s2f(ζ) is exponentially close to Ss+s2f(ζ), we conclude using (39) that
there exist constants cθ > 0 and Cθ > 0 such that
|Stf(η)| ≤
∣∣∣∣
∫
Ss+s2f(ζ)dµcθt(ζ
cθt)
∣∣∣∣+ Cθ|||f |||θe−t, (40)
where ζ is an arbitrary extension to T Z
d
of ζcθt ∈ TΛcθt . Now,∣∣∣∣
∫
Ss+s2f(ζ)dµcθt(ζ
cθt)
∣∣∣∣ =
∣∣∣∣
∫
Ss+s2f(ζ)gcθt,ηdνΛcθt(ζ
cθt)
∣∣∣∣ . (41)
Let p(t) be defined by (24) and q(t) the conjugate exponent of p(t) defined through 1p(t) +
1
q(t) = 1.
Then, by Ho¨lder’s inequality, we see that the right-hand side of inequality (41) is upper-bounded
by
||Ss+s2f(ζ)||p(s),νΛcθt ||gcθt,η||q(s),νΛCθt ≤
(||Ss+s2f(ζ)||p(s),ν + Cθ|||f |||θe−t) ||gcθt,η||q(s),νΛCθt
≤ (||Ss2f(ζ)||2,ν + Cθ|||f |||θe−t) ||gcθt,η||q(s),νΛCθt
≤
(
e−as
2/γ ||f ||2,ν + Cθ|||f |||θe−t
)
supη ||gcθt,η||q(s),νΛCθt ,
where in the first inequality we have used the truncation estimate of Theorem 5, in the second
inequality Gross lemma (Lemma 2), and in the last inequality Corollary 3 with spectral gap
constant g = 1/γ. Now, by Lemma 3, there is a t0 > 0 such that
K1(ν, θ) := sup
t≥t0
sup
η
||gcθt,η||q(s),νΛCθt <∞.
Thus, by inequality (40), and the previous development, for t ≥ t0 we have that
|Stf(ζ)| ≤ K2(ν, θ)
(
e−as
2/γ ||f ||2,ν + Cθ|||f |||θe−t
)
, (42)
where K2(ν, θ) := K1(ν, θ) + 1. Now, note that
||f ||2,ν ≤
√
γ
∑
i∈Zd
sup
η
(∂if)
2 ≤
√
γ
∑
i∈Zd
sup
η
(∂2i f)
2 ≤ γ1/2
√
|||f |||θ, (43)
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where in the first inequality we have used the spectral gap inequality (4), while in the second, the
fact that supη(∂if) ≤ supη(∂2i f) (which is a consequence of the identity ∂if(η) =
∫ ηi
η′i
∂2i f(ζ)dζi,
where ζj = ηj for j 6= i, valid for all η ∈ T Zd and a η′i depending on η). Substituting (43) into
(42), we conclude the proof of Theorem 1.
5. Proof of Theorem 2.
We need to recall some basic notions (see for example Kato [9]) which will be used throughout
this section. Given a closed operator T defined on L2[ν], we will denote its spectrum by Σ(T ). We
will denote by R(z, T ) the resolvent operator for every z /∈ Σ(T ). We wil say that the spectrum
Σ(T ) contains a bounded part Σ2 6= ∅ separated from the rest Σ1 6= ∅ if there exists a rectifiable,
simple closed curve Γ in the complex plane C which encloses an open set containing Σ2 in its
interior and Σ2 in its exterior. Of course we have Σ(T ) = Σ1 ∪ Σ2. Throughout, given a vector
space X and two subspaces Y and Z we will use the standar notation for direct sum X = Y ⊕ Z,
whenever for every vector x ∈ X we have a unique decomposition x = y + z for some y ∈ Y and
z ∈ Z. We will say that two subspaces M1 and M2 of L2[ν] form a decomposition associated to Σ1
and Σ2 if L2[ν] =M1⊕M2, the spectrum of TM1 is Σ1 ∪{0} and the spectrum of TM2 is Σ2 ∪ {0}.
Here TM1 := P1T = TP1 and TM2 := P2T = TP2, where
P1 =
1
2πi
∫
Γ
R(z, T )dz,
is the projection of L2[ν] onto M1 along M2 and
P2 = I− P1 (44)
the projection of L2[ν] onto M2 along M2.
Firstly, we derive the following proposition giving some basic information about the character
of 0 in the spectrum of the unperturbed operator.
Proposition 2. Consider an infinite dimensional diffusion with coefficients a and b and infini-
tesimal generator (L0, D(a, b)). Let ν be an invariant Gibbs measure of this infinite dimensional
diffusion satisfying (LSI) and (L0, D¯(a, b)) be its infinitesimal generator on L2[ν]. Then the fol-
lowing statements are satisfied.
(i) 0 is a simple eigenvalue of the operator (L0, D¯(a, b)).
(ii) The intersection of the open disc centered at 0 of radius a/(4γ) with the spectrum Σ(L0)
of L0 is {0}, so that 0 is an isolated eigenvalue.
Proof. Part (i). It is enough to prove that 0 is a simple eigenvalue of the adjoint operator
(L∗0, D¯(a, b)
∗). Assume that g ∈ D¯(a, b) is a normalized function such that∫
(L∗0g)fdν = 0, (45)
for every f ∈ D¯(a, b). To prove that 0 is a simple eigenvalue of L∗0, it is enough to show that this
implies that ν-a.s. g = 1. But the left-hand side of (45) can be written as
∫
gL0fdν = 0. Since ν is
a Gibbs measure that satisfies the logarithmic Sobolev inequality, by Corollary 1, ν is the unique
invariant measure. It follows that necessarily ν-a.s. g = 1.
Part (ii). From part (iii) of Proposition 1, we see that for every complex z such that 0 < |z| <
a
2γ − |z| one has that for every f ∈ D¯(a, b),
‖(L0 − z)f‖2,ν ≥ m‖f‖2,ν,
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where m := min{|z|, a2γ − |z|}. This shows that every z such that 0 < |z| < a4γ is in the resolvent
set of L0.

Let us now recall that for each real ǫ,
Lǫ = L0 + ǫA, (46)
where A =
∑
ci∂i is a diagonal first order operator satisfying condition (R) with respect to the
invariant measure ν. Note that by Corollary 2 we know that for every real ǫ, the operator (Lǫ, D0)
is closable, having the same domain D¯(a, b) as the closure of (L0, D0) on L2[ν].
Let ǫ0 > 0. We say that a family {T (ǫ) : ǫ ∈ (−ǫ0, ǫ0)} of bounded operators defined on L2[ν], is
holomorphic in ǫ if and only if each ǫ has a neighborhood in which T (ǫ) is bounded and (f, T (ǫ)g)ν
is holomorphic for every f, g in a dense subset of L2[ν] (see section VII.1 of Kato [9]). Recall the
definition of ǫc in (9).
Lemma 4. Consider an infinite dimensional diffusion with coefficients a and b and infinitesimal
generator (L0, D(a, b)). Let ν be an invariant Gibbs measure of this infinite dimensional diffusion
satisfying (LSI) and (L0, D¯(a, b)) be its infinitesimal generator on L2[ν]. Let Lǫ be given by (46),
with A a diagonal first order operator satisfying condition (R) with respect to ν. Consider the
complex contour Γ := {z ∈ C : |z| = a/(4γ)}. Then, the projection Pǫ of L2[ν] onto M1,ǫ along
M2,ǫ is holomorphic as a function of ǫ for ǫ ∈ (−ǫc, ǫc). and admits the following expansion with
radius of convergence ǫc
Pǫ = − 1
2πi
∞∑
k=0
ǫk
∫
Γ
R(z, L0)(−A R(z, L0))kdz.
Proof. Note that for z ∈ Γ, whenever ǫ is non-negative and is such that ‖ǫA R(z, L0)‖2,ν < 1, we
have the following expansion (see Theorem 1.5, page 66 and chapter VIII of [9])
R(z, Lǫ) = R(z, L0)
∞∑
k=0
ǫk(−A R(z, L0))k.
Observe that for z ∈ Γ,
∥∥∥ L0L0−z
∥∥∥
2,ν
≤ 2 ‖R(z, L0)‖2,ν ≤ γ2a . Therefore, we can apply Corollary 2
to conclude that for every λ > 0,
‖ǫA R(z, L0)‖2,ν ≤ 2ǫC0√
a
1
λ
+
ǫC0γ
2a3/2
λ.
Taking the infimum over λ > 0, we conclude that
‖ǫA R(z, L0)‖2,ν ≤ ǫ
C0
√
γ
a
,
which proves the analyticity of the resolvent operator R(z, Lǫ) for z ∈ Γ when ǫ ∈ (−ǫc, ǫc). Finally,
by (44), the projection Pǫ of L2[ν] onto M1,ǫ along M2,ǫ can be expressed as
Pǫ = − 1
2πi
∫
Γ
R(z, Lǫ)dz,
which proves the lemma.

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From Lemma 4, we have directly the following corollary regarding the adjoints L∗0 and A
∗ of L0
and A in L2[ν] respectively.
Corollary 4. Let A,L0, Lǫ and ν be as in Proposition 2. Consider the complex contour Γ := {z ∈
C : |z| = a/4(γ)}. Then, the projection P ∗ǫ of L2[ν] onto M∗1,ǫ along M∗2,ǫ is holomorphic as a
function of ǫ for ǫ ∈ (−ǫc, ǫc). and admits the following expansion with radius of convergence ǫc
P ∗ǫ = −
1
2πi
∞∑
k=0
ǫk
∫
Γ¯
(−R(z, L∗0)A∗)kR(z, L∗0)dz.
Let us now prove Theorem 2. By part (i) of Proposition 2 and Corollary 4, we see that for each
ǫ ∈ (−ǫc, ǫc) there exists a unique invariant measure νǫ of the infinite dimensional diffusion with
generator Lǫ in M2[ν]. On the other hand, we know that g := 1 is an eigenfunction associated to
the eigenvalue 0 of L0 in L2[ν]. Let
g′ǫ := P
∗
ǫ g.
By part (iii) of Corollary 4, we know that g′ǫ admits the expansion
g′ǫ =
∞∑
k=0
ǫkf ′k,
where f ′0 := g and
f ′k := −
1
2πi
∫
Γ¯
(−R(z, L∗0)A∗)kR(z, L∗0)gdz.
By parts (i) and (ii) of Corollary 4, necessarily L∗ǫg
′
ǫ = 0. Hence, for every f ∈ D¯(a, b),
∞∑
k=0
ǫk(f ′k, (L0 + ǫA)f)ν = 0.
Matching equal powers of ǫ in the above equation, we conclude that for each k ≥ 0, h := fk+1 is
solution of the equation
L∗0h = −A∗f ′k. (47)
Since the kernel ker(L∗0) of the operator L
∗
0 is one-dimensional and A
∗f ′k is orthogonal to ker(L
∗
0),
it follows that the sequence of functions f0 := f
′
0 and fk := f
′
k − 〈f ′k〉ν , k ≥ 1, is the only sequence
satisfying (47) under the condition that the average of each term with respect to ν vanishes.
But since 〈gǫ〉ν = 0, we see that
〈∑∞
k=1 ǫ
kf ′k
〉
ν
= 0. It follows that gǫ := 1 +
∑∞
k=1 ǫ
kfk is the
Radon-Nikodym derivative of νǫ with respect to ν. This finishes the proof of Theorem 2.
6. Interacting diffusions.
Here we will consider the effect of an interaction given by a diagonal first order operator satisfying
condition (R) on a set of independent diffusions. Consider a set of coefficients a, b : T Z
d → [0,∞),
with a = {ai : i ∈ Zd} and b = {bi : i ∈ Zd} such that a is uniformly elliptic. We will also assume
that for each i ∈ Zd, ai and bi are functions only of ηi. Obviously, the infinitesimal generator L0
with these coefficients defines the dynamics of independent diffusion processes indexed by Zd. We
say that L0 is the infinitesimal generator of a set of independent diffusions. Therefore the invariant
measure of the corresponding infinite dimensional diffusion is a product measure ν. Obviously ν
satisfies the logarithmic Sobolev inequality. We want to quantify the effect of a perturbation on the
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dynamics which introduces interaction on the invariant measure. Here we will prove the following
result.
Theorem 6. Consider the generator L0 of a set of independent diffusions with invariant product
measure ν. Let A be a diagonal first order operator satisfying condition (R) with respect to ν,
with coefficients which are smooth. Then, for each ǫ ∈ (−ǫc, ǫc), the diffusion with infinitesimal
generator
Lǫ = L0 + ǫA,
has a unique invariant measure νǫ which has a Radon-Nikodym derivative gǫ with respect to ν of
the form
gǫ = 1 +
∞∑
k=1
ǫkfk, (48)
where for each k ≥ 1,
fk =
∑
i1,...,ik∈Zd
f
(k)
i1,...,ik
,
and for each i1, . . . , ik ∈ Zd, f (k)i1,...,ik ∈ L2[ν] is a local function depending only on ∪kj=1Λ(ij , R).
Furthermore, there is a constant C > 0 such that for each i, j ∈ Zd, we have that
sup
A,B∈B(T )
|νǫ(ηi ∈ A, ηj ∈ B)− νǫ(ηi ∈ A)νǫ(ηj ∈ B)| ≤
{
ǫ if 1 ≤ |i− j|2 ≤ R
ǫ2 if |i− j|2 > R
. (49)
It is important to remark that the terms in the expansion (48) of Theorem 6, can be in principle
computed explicitly. For example, in the case in which the independent diffusions are Brownian
motions with drift, so that at site i ∈ Zd, we have a Brownian motion with drift vi, we can easily
check that
f
(1)
i =
∫ ∞
0
∫
TΛ(i,R)
p(t, ηΛ(i,R), ζ)∂ici(ζ)dmΛ(i,R)(ζ)dt,
where
p(t, ζ′, ζ) :=
∏
j∈Λ(i,R)
pj(t, ζ
′
j , ζj),
and pj(t, ζ
′
j , ζj) is the transition probability density of a Brownian motion with drift −vj on T .
Let us now prove Theorem 6. By Theorem 2, for ǫ < ǫc, we know that the diffusion with
generator Lǫ := L0 + ǫA, has an invariant measure with a Radon-Nikodym derivative gǫ with
respect to ν, which admits the expansion (48). Furthermore, Theorem 2, also tells us that L∗0fk+1 =
−A∗fk, 〈fk〉ν = 0 for k ≥ 0 and f0 := 1. In particular, f1 satisfies the equation
L∗0f1 =
∑
i
∂i(civi),
where vi is the Radon-Nikodym derivative with respect to the Lebesgue measure of the marginal
at site i of the invariant measure ν. From here we conclude that
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f1(η) =
∑
i
f
(1)
i (η),
where f
(1)
i is the solution of the equations
L∗0f
(1)
i (η) = ∂i(civi) (50)
〈f (1)i 〉ν = 0.
From (50) we can see that for each i ∈ Zd, f (1)i is a local function depending only on the sites on
Λ(i, R) := {j ∈ Zd : |i− j|2 ≤ R}, so that f1 is a sum of local functions of this type. For the terms
of order ǫ2, we can see that
f2(η) =
∑
i,j
f
(2)
i,j (η),
where this time, for each i, j ∈ Zd, f (2)i,j is the solution of
L∗0f
(2)
i,j (η) = ∂i(civif
(1)
j )
〈f (2)i,j 〉ν = 0.
From here we see that for each i, j ∈ Zd, f (2)i,j is a local function depending only on the coordinates
of Λ(i, R) ∪ Λ(j, R). By a similar argument we can conclude that for each k ≥ 1,
fk =
∑
i1,...,ik∈Zd
f
(k)
i1,...,ik
,
where for each i1, . . . , ik ∈ Zd, f (k)i1,...,ik is a local function depending only on the coordinates of
∪kl=1Λ(il, R). From the above properties of the expansion (48), we can deduce (49).
Appendix A. Proof of Theorem 3
The proof of Theorem 3 is a slight modification of Theorem 2 of [15]. Nevertheless, in order to
give self-contained proofs of Theorems 1 and 2, have decided to include the details here. We recall
that R denotes the range of the coefficients a and b of ther diffusion.
Consider the space of functions
D(T Z
d
) := {g ∈ C2(T Zd) : |g|∆ :=
∑
i∈Zd
∆g(i) <∞}.
For each n ≥ 1 define the coefficients an and bn, by ani := (ai − 1)1Λn(i) + 1 and bni := bi1Λn(i),
and the generator (L¯n, Dn(a, b)) with coefficients a
n and bn. For f ∈ C2(T Zd) we consider the
solution un(t, η) of the equation
∂un
∂t = L¯nu
n for t > 0,
un(0, η) = f(η).
Note that since the coefficients of the operator L¯n are differentiable with derivatives which are
Ho¨lder continuous of positive parameter, by classical regularity theory for parabolic artial differ-
ential equations (see for example [18]) we can define for i, j ∈ Zd, uni := ∂u
n
∂ηi
and uni,j :=
∂2un
∂ηi∂ηj
.
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We will show that for each ϑ > 0 there are constants A and β (not depending on n nor f) such
that
|uni,j(t, η)| ≤ A|||f |||ϑeβte−
ϑ
2 (|i|2+|j|2). (51)
Note that unj is solution of the equations
∂unj
∂t = L¯nu
n
j +
∑
i∈Zd
(
1
2
∂a¯i
∂ηj
∂uni
∂ηi
+ ∂b¯i∂ηj u
n
i
)
for t > 0,
unj (0, η) =
∂f
∂ηj
(η).
Now define for t ≥ 0 and η ∈ T Zd ,
Wn(t, η) :=
∑
j∈Λn
e2ϑ|j|2(unj )
2(t, η).
By arguments similar to the proof of Theorem 2 of [15], we conclude that
∂Wn
∂t − L¯nWn ≤ K1Wn for t > 0 and η ∈ T Z
d
Wn(0, η) =
∑
i∈Λn
e2ϑ|i|2
(
∂f(η)
∂ηi
)2
,
where
K1 :=
(
(A′)2
4a
(2R+ 1)d +B′
)
(2R+ 1)de2ϑR + (2R+ 1)dB′,
and where we recall the definition of a given in (1),
A′ := supi,j∈Zd,η∈T Zd
∣∣∣ ∂ai∂ηj
∣∣∣ and
B′ := supi,j∈Zd,η∈T Zd
∣∣∣ ∂bi∂ηj
∣∣∣ .
From here, using the fact that since |∂if | ≤ |∂2i f |, one has that|Wn(0, η)| ≤ |||f |||ϑ, it follows that
Wn(t, η) ≤ eK1t|||f |||2ϑ. (52)
Next define
V n(t, η) :=
∑
j,k∈Λn
(unj,k)
2eϑ(|k|2+|j|2).
As in Theorem 2 of [15] we conclude this time that
∂V n
∂t − L¯nV n ≤ K2V n +K3Wn for t > 0 and η ∈ T Z
d
V n(0, η) =
∑
j,k∈Λn
eϑ(|k|2+|j|2)
(
∂2f(η)
∂ηk∂ηj
)2
, (53)
where
K2 := e
ϑR(2R+ 1)2d
(
(A′)2
4a + 2B
′ + A
′′
2 e
ϑR
)
+ (2R+ 1)d
(
2B′ + A
′′
2 +B
′′
)
and
K3 := B
′′e2ϑR(2R+ 1)2d,
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with
A′′ := supi,j,k∈Zd,η∈T Zd
∣∣∣ ∂2ai∂ηj∂ηk
∣∣∣ and
B′′ := supi,j,k∈Zd,η∈T Zd
∣∣∣ ∂2bi∂ηj∂ηk
∣∣∣ .
It follows now from (52) and (53) that
V n(t, η) ≤ eK2t|||f |||2ϑ +
K3
K1 +K2
e2(K1+K2)t|||f |||2ϑ.
It follows that (51) is satisfied with
A2 :=
(
K1 +K2 +K3
K1 +K2
)
.
and
β := K1 +K2.
Following the argument given in the proof of Theorem 3 of [15] using the theorem of Arzela´-Ascoli
and the fact that any uniformly convergent subsequence of {un : n ≥ 0} to a function u is a solution
of (see [8])
∂u
∂t = L¯nu
n for t > 0,
u(0, η) = f(η),
so that for all i, j ∈ Zd it must be true that
|ui,j(t, η)| ≤ A|||f |||ϑeβte−ϑ2 (|i|2+|j|2),
we conclude the proof of the theorem.
Appendix B. Heat kernel bounds
Here we will prove the following lemma about heat kernel bounds.
Lemma 5. Let N ≥ 1 and a1, . . . , aN a set of real functions defined on TN with bounded second
order partial derivatives. Consider a finite dimensional diffusion with generator
L =
1
2
N∑
j=1
∂
∂ηj
(
aj(η)
∂
∂ηj
)
.
Let ΓN,η,t be the Radon-Nikodym derivative of the law of this diffusion starting from η ∈ TN at time
t with respect to the Lebesgue measure. Then, there exists a constant C1 such that the following
estimates hold.
e−C1N
2 lnN ≤ ΓN,η,1(ζ) ≤ eC1N .
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Proof. Let us first prove the upper bound. We will essentially use ideas of Nash [13] as presented
in Fabes-Stroock [3]. Lemma 1 of [15] (see also Proposition 1 of page 30 of [12]) gives us the bound
for all η, ζ ∈ TN
ΓN,η,1(ζ) ≤ (u2)NΓ0(u1, ζ, η), (54)
for constants u1 and u2 which do not depend onN , where Γ0 is the fundamental solution of
1
2∆− ∂∂t
on TN . On the other hand, for every t > 0 and η, ζ ∈ TN we have that
Γ0(t, ζ, η) =
∑
j∈ZN
e−2π
2|j|2te2πij·(η−ζ) ≤
∑
j∈ZN
e−2π
2|j|2t ≤
(
1 +
√
2
t
)N
.
Substituting this back into (54) with t = 1, we obtain the upper bound. To prove the lower bound,
denote by π : TN → [0, 1]N the bijection which assigns to each η ∈ TN its representative in [0, 1]N .
Now note that
ΓN,η,t(ζ) =
∑
i∈Zd
Γ′N,η,t(π(ζ) + i),
where Γ′N,η,t is the fundamental solution of a diffusion in R
N with infinitesimal generator
L′ =
1
2
N∑
j=1
∂
∂xj
(
a′j(x)
∂
∂xj
)
.
where a′j(x) := aj(π
−1(x)). Therefore to prove the lower bound it is enough to show that for every
x ∈ [0, 1]N one has that
Γ′N,0,1(x) ≥ e−C1N
2 lnN .
From Lemma 2.6 of [3], we know that in the case |x|2 ≤ 1, one has that
Γ′N,0,1(x) ≥
1
C′1
,
for some constant C′1 depending only on a [c.f. (1)]. Therefore, we can assume without loss of
generality that |x|2 > 1. We will now follow the argument presented in the proof of Theorem 2.7
of [3]. Let k be the smallest integer larger than 4|x|2. Let χ1, . . . , χk−1 be such that |jx/k−χj|2 <
1/(2
√
k) for 1 ≤ j ≤ k − 1, |χ1|2 < 1/
√
k and max1<j<k |χj − χj−1|2 < 1/
√
k. Then, by Lemma
2.6 of [3] we conclude that there is a constant C′′1 such that
Γ′N,0,1(x) =
∫
Γ′N,1/k,0(χ1)Γ
′
N,1/k,χ1
(χ2) · · ·Γ′N,1/k,χk−1(x)dχ1 · · ·χk−1
≥ C′′1
kN/2
(
BN
2N/2C′′1
)k
≥ C′′1
|x|N2
(
BN
2N/2C′′1
)4|x|22
.
where BN is the Lebesgue measure of an N -dimensional Euclidean ball of radius 1. But |BN | ≥(
1
N
)N/2
. On the other hand since x ∈ [0, 1]N , we have that |x|2 ≤
√
N . Therefore
Γ′N,0,1(x) ≥
C′′1
NN/2
(
1
(2N)N/2C′′1
)4N
≥ e−C1N2 lnN ,
which proves the lemma.

EXPONENTIAL ERGODICITY FOR NON-REVERSIBLE DIFFUSIONS 24
Acknowledgments: The author thanks Olivier Bourget for useful discussions related to Theorem
2 and the referee for detailed comments on a previous version of this paper.
References
[1] D. Campos and A.F. Ramı´rez, Asymptotic expansion of the invariant measure for ballistic random walk in the
low disorder regime, arXiv:1511.02945 (2015).
[2] E. Dynkin, Markov Processes, I. Academic Press, New York (1965).
[3] E. Fabes and D. Stroock, A new proof of Moser’s parabolic Harnack inequality using the old ideas of Nash, J.
Functional Analysis 42, 29-63 (1981).
[4] D. Gilbarg and N.S. Trudinger, Elliptic partial differential equations of second order, Grundlehren der Mathe-
matischen Wissenschaften 224, Springer-Verlag, Berlin (1983).
[5] L. Gross, Logarithmic Sobolev inequalities, Amer. J. Math. 97, 1061-1083 (1975).
[6] A. Guionnet and B. Zegarlinski, Lectures on logarithmic Sobolev inequalities, Se´minaire de Probabilite´s,
XXXVI, 1-134, Lecture Notes in Math., 1801, Springer, Berlin, (2003).
[7] R. Holley, The one-dimensional stochastic X − Y model, Collection: Random walks, Brownian motion, and
interacting particle systems, Progr. Probab. 28, Birkhauser, 295-307 (1991).
[8] R. Holley and D. Stroock, Diffusions on an Infinite Dimensional Torus, J. Functional Analysis 42,29-63 (1981).
[9] T. Kato, Perturbation theory for linear operators, Springer-Verlag, Berlin Heidelberg (1995)
[10] T. Komorowski and S. Olla, On mobility and Einstein relation for tracers in time-mixing random environments,
J. Stat. Phys. 118, 407-435 (2005).
[11] T.M. Liggett, Interacting Particle Systems, Springer-Verlag, New York (1985).
[12] S. Lu, Hydrodynamic scaling limits with deterministic initial configurations, Thesis (Ph.D.)-New York Uni-
versity (1992).
[13] J. Nash, Continuity of solutions of parabolica and elliptic equations, Amer. J. Math. 80, 931-954 (1958).
[14] R. Pinsky, Positive harmonic functions and diffusion, Cambridge Univerersity Press (1995).
[15] A.F. Ramı´rez, Relative entropy and mixing properties of infinite dimensional diffusions, Probab. Theory Relat.
Fields 110, 369-395 (1998).
[16] A.F. Ramı´rez, An elementary proof of the uniqueness of invariant product measures for some infinite dimen-
sional processes, Comptes R. Acad. Sci. 334, Se´rie I, 1-6 (2002).
[17] A.F. Ramı´rez, Uniqueness of invariant measures for elliptic infinite dimensional diffusions and particle spin
systems, ESAIM: Probabilite´s et Statistiques 6, 147-155 (2002).
[18] S.R. S. Varadhan. Stochastic processes, Notes based on a course given at New York University during the year
1967/68, Courant Institute of Mathematical Sciences, New York University, New York (1968).
[19] F. Zak, Existence of equilibrium for Infinite System of Interacting Diffusions, arXiv:1502.04351 (2015).
[20] B. Zegarlinski, Ergodicity of Markov semigroups, Stochastic partial differential equations (Edinburgh, 1994),
312–337, London Math. Soc. Lecture Note Sear., 216, Cambridge Univ. Press, Cambridge, (1995).
E-mail address: aramirez@mat.puc.cl
Facultad de Matema´ticas, Pontificia Universidad Cato´lica de Chile, Casilla 306-Correo 22, Santiago
6904411, Chile, Te´le´phone: [56](2)354-5466, Te´le´fax: [56](2)552-5916
